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traces are reduced to obtain the actual core diameter at any
test temperature. Equation (4) is employed to calculate
maximum tangential strain.

Conclusions
Laboratory uniaxial tensile data, while valuable for com-

parative purposes iri propellant development programs,
generally do not provide the stress engineer with sufficient
information upon which to base predictions of solid rocket
motor performance. Rate effects, often neglected in test-
ing for screening purposes, can introduce wide discrepancies
between propellant strain capabilities as measured in con-
stant-strain rate tests and the performance of propellant in a
motor during low-temperature storage. Even strain endur-
ance capability of propellant appears to be a time-dependent
property, since it varies with the rate at which the constant
strain was originally imposed on the propellant. Finally,
test techniques have not been developed as yet to the point
where adequate failure criteria for propellants in combined
stress or strain states have been denned.

Model test motors are, therefore, of considerable usefulness
in aiding the prediction of structural performance of solid
rocket motors. A simple, cylindrical motor 2 in. in diameter
and 12 in. long has been used successfully to define the
threshold of propellant failure in terms of strain induced by
low-temperature conditioning. Proper selection of the
internal perforation in the test motor allows a comparison of
strains experienced in the test motor with those experienced
in prototype cylindrical core rocket motors. When the
size of the internal perforations in such motors is small
( = 0.25 in.), strain relief due to "end effects" is apparent
over the entire length of the motor. A finite difference

solution is appropriate in such cases.2 An example of the
results that can be obtained by this technique is shown in
Fig. 9. To achieve a plane strain condition, the length of
the motor should be increased. When larger internal
perforations are employed, a finite-length section of uniform
maximum strain is observed at the axial center of the motor,
suggesting that the propellant in this region approaches a
state of plane strain.
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Nonuniform Shrinkage of a Hollow Viscoelastic Cylinder
A. S. CAKMAK*

Princeton University, Princeton, N. J.

The effects of nonuniform shrinkage on stresses and displacements of a thick-walled, hollow
cylinder of viscoelastic material are discussed, for the case of plane strain, as a function of the
loading rate. The cylinder is contained in a rigid casing resulting in zero circumferential and
radial displacements at the outer surface. The inner surface is free of tractions. The prob-
lem is solved using the elastic-viscoelastic analogy, where the deviatoric behavior is character-
ized by the standard solid, and the volumetric behavior is taken to be elastic. The results
indicate a strong dependence of radial displacements and principal stresses on the loading
rate. The maximum values of the principal stresses show a marked reduction and smaller
deviations from their final values for decreasing values of the loading rate. The radial dis-
placements exhibit little change in deviation from their final values for changes of the loading
rate.

Nomenclature
X,/u = Lame's constants
TjZ = cylindrical coordinates
ur = radial displacement
oy = radial stress component
00 = circumferential stress component
€r = radial strain component
e0 = circumferential strain component
Sij — deviatoric stress components
en = deviatoric strain components
0 = rate of loading parameter
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E = Young's modulus
7 = Poisson's ratio
G = shear modulus
K = bulk modulus
Hm = viscosity
dij = Kronecker delta
G = viscoelastic shear modulus
K = viscoelastic bulk modulus
T = temperature
dT = difference in temperature
T = relaxation time
H(t) — Heaviside step function
Ci,C2 = integration constants
a = inner radius
6 = outer radius
L = Laplace transform
L~l = inverse Laplace transform
S = Laplace transform parameter
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Introduction

IN the storage of solid fuel rockets, a certain radially de-
pendent shrinkage of the fuel core may take place re-

sulting in residual stresses in the structure. This paper
analyzes the problem of a hollow viscoelastic cylinder encased
within a rigid shell. The boundary conditions are such that
the outer surface has no radial or circumferential displace-
ments, whereas the inner surface is traction free (Fig. 1).

The effect of shrinkage is handled in the form of a tempera-
ture distribution problem, where multiplication by an ap-
propriate coefficient of shrinkage results in the shrinkage
distribution. Therefore, the problem is considered as a
temperature distribution problem, where the space distribu-
tion of temperature (indirectly shrinkage) is arbitrary and
the time distribution is exponential depending on a loading
rate parameter 6.

Elastic Problem

The equilibrium equation for the thermoelastic problem,
for plane strain and axial symmetry, in terms of displace-
ments is1

l d(rur)-] =
T dr J To)

dT(r)
dr [_r dr J ^ ' 'u/ dr

This is an ordinary differential equation with the solution

(1)

Ur(r) = TO) , fr T(r')r'dr'
J a

(2)

where a is the inner radius, and

7) To (1 - 7)

From the strain-displacement relations

er = d^r/dr ee = ur/r
and the stress-strain relations

EQ = E

€r =

ee =

E

(1 ~ T2)
E

o r T i
- 0V — -————— <T0

I 1 ~ T J

(3)

(4)

the principal stresses can be determined :

T(r')r'dr' + -**-1 - 70

= 2P(r')r'dr' -
(1 + T)

(5)
r2

To evaluate the constants Ci,(72, use the following boundary
conditions :

Ov]r==0 = 0 Ur]r=b = 0 (6)
where b is the outer radius and a the inner radius. There-
fore, one gets

c, = - - 7o)(l
&2(1 ~ To) + «2(1 + To)

62(1 - 70) + a2(l + 70)

Replacing the elastic constants E,y by G,K

Cb T(r)rdr
J a

f b T(r)rdr
J a

(7)

7?Hi —
SGK

3K + G T =
3K - 2G

2G

Fig. 1 The hollow cylinder.

yields the elastic solution:

ISGKa &4G + 3K
G + 3K(1 - a'

T(r')r'dr' +

ISGKa
4G + 3K

G + 3K(l + a

T(r')r'dr' +

3K '(r')r'dr' -

SOr + (3g + g)oVr * tft-. , , "I
L T(r}rdr\

(8)

+ (3K +
Models of Viscoelastic Response

As mentioned before, the volumetric behavior is elastic,
and the deviatoric behavior is that of a standard solid, Fig. 2 :

8t, + rS(i = 2Ge(i + 2G r«e<,
where

= d/dt T = u.m/Gm

Application of the Laplace transform2

to Eq. (9) results in

(9)

r« = r[l + (Gm/G)]
(Tkk

(10)

J«(«) (11)

Fig. 2 The models of
mechanical response of
the material; a) volu-

metric, b) deviatoric.
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where

K(s) = K G(s) = G,(1 +
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Application of the Elastic-Viscoelastic Analogy
Let the shrinkage distribution be given by

aT(ttr) = abT T<>(r) H(t)(l - e~tle) (12)
where H(t) is the Heaviside step function, adT the difference
in shrinkage between the inside and outside of the cylinder,
and 6 is the loading rate parameter determining the rate of
shrinkage (e.g., for 0 = 0, one has a step loading; for 6 > 0,
one has an exponential loading).

Application of the Laplace transform to the elastic solution3

and the replacement of the transformed elastic constants by
their transformed operational counterparts yields

- ft(l + Sr) -

8(8

(S + 1/0) (S + B/TB)(S + C/TC)
I

8(8 + B/TB)(S +

- av(r,s) =

D*(l +

1
[-

[-
(8+

+ 1/0) (S + B/TJ.XS +
1

C/rc).

1/0)08

1

(S + 1/0) (S + B/TB)(S + C/TC)
1

where
A =

B = 3K + 4G

8(8 + + C/TC)]

(13)

= 3G62 + 3Ka* + Gaz

re
A*

18 T0
l(r)rdr

77
0(r)

To obtain the viscoelastic solution, the inverse Laplace
transformation2

is applied to Eq. (13), yielding the following relations for the
radial displacement and the principal stresses :

M = l rT(r')r'dr'+ul ar Ja

where

-? />>•*•]/• -

(15)

a/6

and

T = K/G
p = r/a

ul = aa 3F)]
3F)J

_ _ / _ ! _ _ 1 \ -a*l+ (a,l+ aj-}
\az a2 — on) (as — ce2

e-mt/r + I JL _

— on
— as1 + (a3

x + as^as — a^as2 ,,___ x_________'____________ n — ast/ T
(as — az)

(

0, — azt/T

a2a3
+ (a2 - «i)(ai - a3) a2 a2 - a3

(a3 — a2)
e-a*t/T + (_L _

a3 a3 — (a3 — a2)
e-mt/r

(16)

I
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Fig. 3 The space distribution of a Si
shrinkage. i

with

T 0 ( r )
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Numerical Example
To illustrate the problem, a numerical example is con-

sidered. In this numerical example, the arbitrary space
distribution of temperature is taken to be the steady-state
solution of the heat conduction problem of the thick-walled
cylinder subject to a fixed temperature difference between
the inner and outer faces, as shown in Fig. 3:

T0(r) = logfr/r
loga/& logl//3 (17)

The shrinkage is given by adTT0(r), where adT is the dif-
ference in shrinkage between the inside surface and the out-
side surface of the cylinder. For this distribution, the
integrals in Eqs. (15) yield

/'Ja
r'TQ(r')drf = a

4505

I5_50_

f* r'To(r')dr' = a
»/ a , o log/3 +

1//32 - !)
With these results, the viscoelastic solution becomes

Ur(r,t) IA(P) ,

ov(r,*) l'A(p) II'(I - \/p)^A($)

'•M - T'[ r o A(p)~\- -r- - 7 T.(P) - — -
(18)

"AW
In choosing numerical values for the elastic and visco-

elastic constants, values corresponding to real materials will
be picked; therefore, not assuming incompressibility, the
following values are assumed:

7 = 0.3 G/Gm = 0.1
Since, in the elastic medium, Poisson's ratio 7 is related

to G and K by G/K = 3(1 - 27)/2(l + 7) and, in the
standard solid, the forementioned G corresponds to the
instantaneous response, one has Cnnst = G + GM-

Equations (18) are evaluated for this numerical example
using four values of the loading rate parameter 0 ranging
from 6 = 0 (instantaneous loading) through the values
6 = 0.25r and 6 = l.OOr to 6 = 4.00r (a rather slow load-
ing). The results are exhibited graphically as follows:

1) The maximum values of stresses o> at r = 2.50a, ere at
r = a, and the radial displacement ur at r = a are plotted as
dimensionless functions of time for the four values of the
loading rate parameter, Fig. 4.

2) The values of o>, ere, ury respectively, are plotted as
dimensionless functions of the radius r for seven time inter-

1-550_

Ts
§
b-

LOSARITHMIC Dl 5TRIBU1ION 0=4.00 T

-Ofr/Q-'(r

-crr/<r'(r=2.5a)
!550_ f X ^-———————————*———————

-^^-——————————____________
4 t/T 6

c) d)

Fig. 4 The radial displacement and radial and circumferential stresses as functions of (t/r).
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LOGARr HMIC DISTRIE UTION0=025T

a)

LOGARITHMIC DISTRIBUTION 0 = I.OQT

b)

LOGARITHMIC DISTRIBUTION 0=4.00T

Fig. 5 The radial
displacement as a
function of (r/a).

c) d)

2.0 r/a 2.5

a)

Fig. 6 The radial
stress as a func-

30 tion of (r/a).

2JO r/a 2.5

C)
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Fig. 7 The cir-
cumferent ia l
stress as a func-

tion of (r/a).

LOGARITHMIC DISTRIBUTION 0=I.OOT

c)

vals (t/r) (0, 0.5, 1.0, 2.0, 5.0, 10.0), and also for the differ-
ent loading rates, Figs. 5-7.

Conclusion

Since discussion of the closed-form solution equations (15)
is not possible, the results of the numerical example will be
discussed. The results exhibited in Fig. 4 show a marked
reduction in the maximum values of the principal stresses
with diminishing loading rates. The radial displacement is
not affected, to any significant extent, by the loading rate.
The maximum values of the principal stresses are achieved
at different t/r ratios for different rates of loading. For in-
stantaneous loading (6 = 0), the maximum principal stresses
occur at once, but as the rate of loading decreases, a hump
forms in the stress curves and moves in the direction of in-
creasing t/r, getting smaller for slow rates of loading. Even
though the maximum values of the principal stresses depend
on the rate of loading, the final values (at t/r = 00) are not
affected.

In Fig. 5 the values of radial displacement (ur/u1) are
plotted as a function of space (r/a), for seven time periods
(t/r). The radial displacement always assumes its maxi-
mum value at the inner surface (r/a = 1.0). It changes
sign about r/a = 2.0 and has a minimum at about r/a =
2.5 before reaching zero at the outer surface. The rate of
loading also affects this minimum. Although the final value
(at t/r = oo) of the radial displacement is not affected, lower
values occur at intermediate times for slow rates of loading.

Figure 6 shows the dependence of the radial stress (ov/cr1)
on the loading rate. This maximum, which occurs at about
r/a = 2.5, not only decreases for slower loading rates, but
also occurs at different times (e.g., at t/r = 0 for 0 = 0,
t/r = 0.8 for 0 = 0.25r, t/r = 1.6 for 0 = l.OOr, and t/r

d)

= 5.5 for 6 = 4.00r, as determined graphically from Fig. 4).
The maximum radial stress is observed at about r/a — 2.5;
however, at different times the point of maximum stress shifts
to different positions. The maximum value of the final
stress always occurs at the outer surface (r/a = 3.0).

The forementioned observations also hold for the circum-
ferential stresses (oVcr1), Fig. 7, except that their maxima
always occur at the inner surface (r/a = 1.0).

This paper presents a possible solution to the nonuniform
shrinkage problem of a medium with homogeneous time-
dependent properties, where the shrinkage distribution is
exponential in time but arbitrary in space. The problem
of uniform shrinkage for a homogeneous medium has been
presented by Freudenthal and Shinozuka,4 where the shrink-
age is assumed to be spontaneously caused by chemical reac-
tions, therefore keeping the material properties homogeneous
through the cylinder. This is an approximation if the shrink-
age is caused by a temperature distribution. The present
paper attempts to refine the forementioned approximation
by taking into account the effect of temperature distribution
on stresses and displacements while neglecting its effect on the
material properties for the sake of expediency.
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